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coupled to a harmonic potential, with noncommuting space coordinates, is considered in 
this work. The thermodynamics of the system is studied. Matrix vector coherent states 
(MVCS) as well as quaternionic vector coherent states (QVCS), satisfying required 
properties, are also constructed and discussed. 
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1 Introduction 

In most of the introductory references in the hterature devoted to quantum mechanics and 
quantum field theory, it comes out that the natural appearance of noncommutativity in 
string theories has increasingly led to attempts to study physical problems in noncommu- 
tative spaces [l]-[l]. Although noncommuting coordinates are operators even at the classi- 
cal level, one can treat them as commuting by replacing operator products by *-products 
[5]. This approach allows one to generalize classical as well as quantum mechanics without 
altering their main physical interpretations and to recover the usual results when noncom- 
mutativity is switched off. In some recent works, the quantum Hall system has attracted 
considerable attention from the point of view of noncommutative quantum mechanics and 
quantum field theory (see e.g. [6], [7], [8], [9]) as it is probably the simplest physical real- 
ization of a noncommutative spatial geometry. Note that a noncommutative model valid for 
a constant magnetic field, with respect to the geometrical aspect of the problem, has been 
also investigated. For more details, please see [10] . The description of such a system [11], [12] 
is adequately provided by the well known Landau model. This latter describes the motion 
of an electron in a static uniform magnetic field, studied for the first time by Landau [T3] . 
which can be assimilated in 2D to a harmonic oscillator. Since this discovery, the quantum 
states of a particle in a magnetic and electromagnetic fields on noncommutative plane have 
been attracting considerable attention, see for instance [TJ JHl [HI [151 [HI [13 [HI [IS] ci-nd more 
recently [20] (and references listed therein). In [22], the thermodynamics of an ideal fermion 
gas in a noncommutative well in two dimensions [21], has been investigated. The authors 
have shown that the thermodynamical properties of the fermion gas for the commutative 
and noncommutative cases agree at low densities, while at high densities they start diverging 
strongly due to the implied excluded area resulting from the noncommutativity. In [23] the 
possible occurrence of orbital magnetism for two-dimensional electrons confined by a har- 
monic potential [21] in various regimes of temperature and magnetic field has been studied. 
Standard coherent states (CS) have been used for calculating symbols of various involved 
observables like the thermodynamical potential, the magnetic moment or the spatial dis- 
tribution of the current. In [T3], an analogous treatment in a noncommutative framework 
has been achieved and the results of [23] in the commutative case have been recovered by 
switching off the ^-parameter. 

In the noncommutative quantum mechanics formulation, a major role is played by the CS 
on the quantum Hilbert space denoted by l-Lq (the space of Hilbert Schmidt operators on the 
classical configuration space denoted by 1-Lc)^ which are expressed in terms of a projection 
operator on the usual Glauber-Klauder-Sudarshan CS in the classical configuration space. 
Based on the approach developed in [25], Gazeau-Klauder CS have been constructed in the 
noncommutative quantum mechanics [26]. These states share similar properties to those 
of ordinary canonical CS in the sense that they saturate the related position uncertainty 
relation, obey a Poisson distribution and possess a flat geometry. 

This work deals with the Landau problem, particularly the study of the electron mo- 
tion in an external uniform electromagnetic field coupled with a harmonic potential in a 
two-dimensional noncommutative space. The thermodynamics of this physical system is in- 
vestigated, not proceeding by the same way as in [22] for an ideal fermion gas, but following 
rather the method established in [23] by formulating at first CS on the quantum Hilbert 



space l-Lq. Then, the thermodynamical potential is evaluated, by the use of deduced inequal- 
ities, together with the magnetic moment. The vector coherent states (VCS) are derived; 
they fulfill a resolution of the identity on a suitable Hilbert space which is consistent with 
the general formulation of [27]. We extend the VCS construction used in [26] to a formal 
tensor product of quantum Hilbert spaces (using the primary formulation of [28]), including 
complex matrices and quaternions as CS variables. The physical features of the quaternionic 
VCS (QVCS) are discussed. 

The paper is organized as follows. In Section 2, we describe the physical model as well 
as the associated matrix formulation. The Hamiltonian spectrum and its spectral decom- 
position are provided. The definition of the passage operators from an orthonormal basis 
to another is also supplied. Section 3 deals with the thermodynamical aspects of the stud- 
ied model. In Section 4, relevant VCS and QVCS for Landau levels are constructed and 
discussed. Finally, there follow concluding remarks in Section 5. 

2 The electron in noncommutative plane 

2.1 Quantum model 

The physics of an electron in crossed constant uniform electric E and magnetic B fields 
coupled with a confining harmonic potential in a noncommutative space, is described, in the 
gauge A = (— -f y, -f x) , by the Hamiltonian: 
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where the position and momentum operators Xi = X, Y and Pi = Px, Py, "^ = 1,2, satisfy 
the following commutation relations of the noncommutative Heisenberg algebra [25] : 

[X,Y]=ze, [X,Px]=th=[Y,pY], [Px,Py]=0. (2) 

The position operators Xi and their corresponding canonically conjugate momenta Pi 
can be combined in the operators Hj = Pj — ^eijXj to yield the relations: 

[x„ H,] = z(h- ^e) 5ij, [H,, H,] = -z^ (h - ^e] e,,-. (3) 

From the latter, define the complex canonically conjugate momenta, denoted by H^ 
corresponding to Z = X + lY and Z = X — lY hj 

Uz = flx- ^fty, fl2 = flx + ^fty, (4) 

respectively, such that the quantum operators Z, Z, H^, H^ act on the quantum Hilbert 
space Tiq [I9l[25], i.e. the space of Hilbert-Schmidt operators acting on the noncommutative 
configuration (Hilbert) space T-Lc, defined as: 

ng = {^{z, f ) : ij{z, f ) e BiHc), tni^Piz, l)^ ^Piz, f )) < oo} , (5) 

endowed with the following inner product 



(?/^(Xi,X2),0(Xi,X2)) = trc(?/'(Xl,X2)^0(Xl,X2)) (6) 

where tr^ stands for the trace over Tic- B{'Hc) is the set of bounded operators on He- 
Remark 2.1 For a harmonic oscillator, the two-dimensional noncommutative coordinate 
algebra is given by 



[x, ij] = i6] 



(7) 



9 refers to as the noncommutativity parameter. The annihilation and creation operators a = 
l/y20{x+iy)^ a^ = l/V29{x — iy) obey a Heisenberg-Fock algebra [a,a^] = Ic, where \c is the 
identity operator on the Hilbert space Tic, i.e. the noncommutative configuration space which 
becomes itself a Hilbert space isomorphic to the boson Fock space [M^'Hc = span{\n),n G N}, 
with \n) = l/yri!(at)"|0). 

As mentioned in [26], a well defined representation with self-adjoint properties with re- 
spect to the quantum Hilbert space Tig inner product is provided by the following relations 



h - h 

X^ = xil}, Y^ = yil}, PxiJ = -^[y,ij\, Py^P = --^[x,'iIj\. 
On the Hilbert space Tin, the following commutation relations are satisfied: 



(8) 



[nz,nz] 
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[Z,I[z] = 2t[h-^-^e] =[Z,U2i, 



c \ 4c 



(9) 



For the analysis purpose, defining a diagonal matrix T> and adopting the notations E = 
{Ei,E2,0,0),Xo = (xo,yo,0,0)*, where xq = j^, yo = j^, the Hamiltonian He of the 
physical model can be rewritten in a short form as follows: 

" 4M 2 " 4M 2 "' V +, +. > -; v ; 

The symbol t means the transpose operation. 
Now introduce the operators 



A+ = {Bl,B+,Bi,B_Y = AA, 

i+ = {Z'-Z'„Z'-Z'„fl2-Uz„tlz-Ilz,y = AZ 

where Z' ~ Zq = Mujq{Z — Zq), with the permutation matrix A defined by 

/ 1 \ 
A = 
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(11) 



(12) 



and reserving the notation | to denote the Hermitian conjugation on the quantum Hilbert 
space. 

Then, consider the matrix g with entries Qik = [Zi,Z^], l,k = 1, ... ,4, obtained from 
the commutation relations (IHD as follows: 
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with the eigenvalues A±, — A± supplied by the expressions 



A± = Mh{n\li- ^^e+ { ^^9] ±Wc(1-(tt 
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where ^2^ = 4u^ + u"^. The matrix 5^, eigenvector matrix of g, is given by 
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where the normalized eigenvectors {u\, {Ku\)') and (^2, (Amj)') associated with (A+, — A^ 
and (A_, — A_), respectively, are given by 



Ml 



with 



Ml 



Ml, {kuiy = -——-[Aul], u'^ = - — -U2, {AuD 



Ml 
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-[Au;] (16) 
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M*,j = 1,2, are the vectors with entries which are conjugate of the Uj entries; Bji 
2hMujo (1 - M^e) and 



K± = Mh{ VL\ I 



Muj^^ f MVL 
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Then, the Hamihonian is obtained as 

Hg = ^^^^^ - leE.Xo = ^A^hSg'S^hA - ^eE.Xo (19) 



where J4 is given by 



ff4 = diag(a3,a3), ^3 = ( J _°^ ) . (20) 



Setting Cl± = 9^^^ where the 6'-dependent quantities (l and uJc are given by 



n.n^i-^<,+ (^.). ^....(i-(^ + ^)m.). (21) 

then we can re-express the Hamiltonian Hg in terms of positive quantities Q± as follows: 

Hg = - (n+N+ + n^N^ +n)- ^e{EiXo + E2yo), (22) 

where N± = BI.B± denote the number operators on the quantum Hilbert space; B^., B± 
are the corresponding creation and annihilation operators. 
Further defining the quantities 
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c = , /^l = J^iMm^, ,, = ( 1 - ^» + (M^e) ■ (23) 
V fi ;.« ^ I - Mji^e + (!^ef V 2 V 4 ; ' ' 

which are also 9— dependent functions, the annihilation and creation operators are de- 
duced as 



B- = C^ + -^{P,-P2,), Bi = (^^ ^ -iP, - P,,) (24) 

satisfying the commutation relations: 

[B^,Bi] = lg, [i?±,4] = 0, [B+,B_]=0, [Bi,Bi] = 0. (25) 

Finally, there result the eigenvalues of the Hamiltonian Hg, expressed in the Fock helicity 
representation |n+,'/7,„) by 

En+,n. = 2 (^+^+ + ^-^- + ^) - ^e{EiXo + E22/0) (26) 

with the corresponding eigenvectors on the quantum Hilbert space given by 



\n^A-) = ^==(Bl (Bi |0)(0|, (27) 

where B_ may have an action on the right by i?_ on |0)(0| which stands for the vacuum 
state on Tig and |||n+,n_)|| = 1. 

The annihilation and creation operators act on the states |n+,n_) = |n+)(n_|, h± = 
0, 1, 2, ... , as follows: 



/, J., ^, . . . , 



-B+|n+,n_) = ^/n^\n^ — 1,71-), i?^|n+,n_) = yn!|H-T|n+ + l,n_), (28) 

-B_|fi+,?7,_) = y^KZ\h^,h- — 1), B_\n+, hJ) = \/h^ + l|n+, n_ + 1). (29) 



2.2 Spectral decomposition 

Let us consider the diinensionless shifted quantum Hamiltonian 

1 



Trdim 



Hg + -e{EiXo + E2yo) 



(30) 



with associated eigenvalues 



^».,»- = i(f.V + 2^fi- + l)^ (31) 

Take {|n+, n_), n-t G N} as the orthonormal eigenstate basis associated with the quantum 
Hamiltonian Hg in the helicity Fock algebra representation. With respect to the inner 
product on Tig, we have (n+,n_|n'_(_,n'_) = trc[{\n+) {h^\Y\h'_^) {n'_\] = 6n^^n' Sn_^n'_. On this 
basis, the Hamiltonian if^*"* admits the following spectral decomposition 



^dim ^ J2 |n+,n_)E^^,^_(n+,n_|. (32) 

n±=0 

Let {|n)(?72| := \n,'m),n,m G N} be the orthonormal basis associated with the quantum 
Hilbert space Tig. Introduce the passage operators from {|n, m), n, m G N} to {|n+, ?t,_), nj- G 
N} and vice versa given by 



W|n, m) = |n+,n_), V|n+,n_) = |n, m) (33) 

where their expansions are given by 



W= y^ |?7.+ ,n_)(n,m|, V= 2, l'^)"^)('^+)'^-|) (34) 

n,m=0 h±=0 

respectively. U, V are obtained as mutually adjoint through the following identities sat- 
isfied on Tig : 



UV = y^ |n+, fi_)(n+,n_| = Iq, VU = y^ \n,m){n,m\ =Jg, (35) 

n±=0 n,m=0 

where Ig stands for the identity on Tig. Then, the Hamiltonian if^*"* can be rewritten in 
a diagonal form as below: 



tf- = VHf^U = ^ \n, m)EnAn, m\, En,m = ^ -^^ + -^^ + 1 I • (36) 



3 Coherent states and thermodynamics of the model 

For the Hamiltonian Hg with eigenvalues En_^_^n_ = | ((l^h^ + ^-h^ +(l] + ke^E, ke,E = 
— ^e{EiXo + E2yo), the coherent states denoted by \z±,t) are defined on the quantum 
Hilbert space Tig, as follows: 



k±,r) = U{r)\z+){z 

-P) 

- - n \A 






The parameter r is introduced such that the states (!37|) fulfill the Gazeau-Klauder axiom 
of temporal stability relative to the classical time evolution operator U(r) = e"^^^''^'^. Indeed, 
we have the following. 

Proposition 3.1 These vectors satisfy the following properties: 

- Temporal stability 

l]{t)\z±, t) = e-^l^'l^l^i, r) = \z±, T + t), (38) 

- Action identity, also called lower symbol of Hg, 

Hg{z±) = {z±,T\Hg\z±,T) = - (Q+\z+\^ + Q_\z_\^ + Q^+ke,E, (39) 

- Resolution of the identity 

— \z±,T){z±,T\d'^z+d'^Z- = lg, (40) 

where Iq is the identity operator on Tig provided by 

Ig = - [ dzdz\z)fi^--{z\. (41) 

Proof: 

We have from the definition (!37|) the following relation 

^ / d^z+d^z-\z+){z+\\z_){z.\ = \ / d^z+d''z_\z±){z±\ (42) 

where from the definition ( 1371) . we have 



k±) = k+)(2- 



oo n+ -n_ 



n+ 

By taking a state \il)) on "Hg, we obtain 



,-U\^.?M^-?) Y: ^^4=|n^)(n-|. (43) 

n_=o V^+!^-! 



7r^ 



— d z+d z_\z^){z^\ 



C2 



such that 



1 /■ °° _ 

— / d^z+d^z_\z+){z^\ V \n^){h+\[\z+){z_\f^\fi+){h^ 

"''^ n±=0 



„ , d z+d Z-\z+){z-\{z+\ii\zJ) 



(44) 



-^ I d'^z+d'^z_\zj^){z±\=\. 



(45) 



In order to provide an equivalence between (140|) and (14T!) . let us consider the following 
relations 



^7 / dzdzdwdw\z) iw\(z\il)\w) 



dzdzdudu\z) {z + mK^I'?/;!^ + m) 



TT^ JC2 



where w = 2; + m with d^w = d'^u, and e"^^' f{z) = f{z + u). Then, set 



(46) 






and 



We have 



Let 



1= \z){z\e''^^e''^'{z\ij\z). 
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(47) 



(48) 



(49) 
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^uKeud, I ^--zz 



(50) 



We obtain 



K{z) 



1 1 
m'\ \rm 



oo oo 






fe=0 «=0 

which supphes, by performing a radial parametrization, that 



(51) 
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which imphes that 



TT 
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Then, 



TT ./rn 
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oo 
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oo 
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Thus, (1461) becomes for a given operator \il)) 



(52) 



(53) 



(54) 



(55) 



- [ dzdz- /rf\e-l"''|z)(z|e"S+«^.( 



{z\^\z) 



= - I dzdz\z)fi^^{z\i)) (56) 

ttJc 

which completes the proof. 

D 
Provided the definition of the upper (or covariant) symbol [221 [S] of an appropriate 
observable (9, given by 



= ^l 0\z±,T)(z±,T\ci^z+d'^z_, (57) 

71^ 



the upper symbol of the Hamiltonian Hq is furnished by the formula 

H,(2±) = - {n+\z+\^ + fi_|2_|2 -n^+ k,^E. (58) 

Assume that the term k^^E = —\^{.EiXq + -E2I/0) is a mere constant, and set Hq = 
T^osc + ^Lz + ke,E, such that Tiosc and L^ are given by 

'Hose = ^iPx-PxoY + ^{Py-Pyo? + —^[ix-Xof + {y-yo?]^ 

Lz = {x- xo){py - Py„) -{y- yo){Px - P^o), (59) 

with p,„ = -fyo, py, = fxo and pi = (^l - M^e + {^6)'^ pi u = x,y. Then, 
setting '^{r,if) = i?(r)e*'"^, where the polar coordinates {x,y) = {r simp ,r cos (f) with < 
r < 00 and < (f < ir are introduced, the stationary Schrodinger equation 'H\l' = 8"$, where 
Ti = 'Hose + ^Lz, is detailed as follows: 






^(r,yp) 



£'^(r,<^), (60) 

providing the eigenstates and eigenvalues 



and 



*,,(r,^) = (-l)»yi^^-^exp {-«l!} (^r)'" L;|*«r=)eW, (61) 



Sn,p,e = hQ[n^ — j + —^p - -e{EiXo + ^2|/o), (62) 



respectively. Here the 



n 



m.=0 



2\m 



i!lrJ'K.^)^E(-ir :'!'P^ («3) 



are Laguerre polynomials; ^ is given by 



{Am/2hy 






10 



and n = 0, 1, 2, ... is the principal quantum number while p = 0, ±1, ±2, . . . stands for the 
angular moment quantum number. 

As already mentioned in the Introduction, we voluntarily choose to study the thermo- 
dynamics of the system faithfully following the analysis performed in [23] . Although some 
main expressions appear similar in their form to those derived in that work, due to our sys- 
tem parameter reformulation, this approach has the interesting advantage to offer an easier 
relation comparison and to point up the contribution of the electric field not considered in 
that work. On this basis, from ( l62l) . we derive the thermodynamical potential using the 
formula: 



oo oo 



r^' = -^ E E l°g [1 + e-^(^"-«"'^)] , (65) 



/3 

n=0 p=—oo 

where (3 = l/Zc^T; /i is the chemical potential. 

The resolution of the identity (HOl) allows to apply the Berezin-Lieb inequalities [29 



-^ I log (l + e-^(H,-M)^ rf2^^^2^_ < r^ 



Te < -^ / log (l + e-P^^'^-A d'z+d^z.. (66) 

By using the lower and upper symbols of the Hamiltonian Hg, and performing the angular 
integrations, where u+ = |2;+p, f_ = \z_\^ with z^ = re**^, z_ = pe'^^, r, p> 0,(p,(p E [0, 27r), 
we get 



-| /"OO /'OO 

-^ / du+ / dv^ log(l + e-'5(l(f^+«++f^--— f^)-/^^,^)) < r, 
P Jo Jo 

1 /"OO /"OO 

Tg<-- du+ di;_log(l + e-''(t(f^+«++f^---+f^)-Me,i.)) (Q7) 

P Jo Jo 

where pe,E = A* + ie(EiXq_-h -E2Z/o)- 

Setting u = ^(r2+M+ + r2„t>„), v = ^r2+M+, performing an integration by parts, and 

introducing the control parameters k'_j_ = exp{l3{pe,E ± ^)) = exp(— /?/;;) ■ k±, where k± = 

exp(/3(/i ± ^)), ([67]) is reduced to 



0(/^'+) < Te < 0(Ai'„) (6J 

where <i>(ft:') takes the form 



r^F3(-^') for S'<1 



for k'>1 ■ ^ ^ 



/3(/3S^o)2 



{logii')^ _ n'^logfi' I p /'_r-'~l 



+ F3(-/^' 
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The function Fg is of the Riemann-Fermi-Dirac type [23] : 

oo 



n=l 



Z 



(70) 



In the high-temperature hmit case, the assumption \ne,E ± ^| ^ /? gives k'_j_ ^ 1 so that 
using (167|) and ( 168|) the thermodynamical potential Tg can be approximated by 



4 FJ-r 



-0, 901543 X - 



Consider the expression of the function as follows [23 



(71) 



</>(k^) = A T I + 5± 
where in our considered physical model situation 
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(74) 



^4 



PWhwo) 



;Fs -e 



-/3(Me,i5±^) 



At low temperature, S± can be approximated by 



^n 
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/3(/3^cuo)^ 



ri^3(- 



-/3Me 
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Considering the following ratio 
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\A + So\ fie,E 
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l + 7r2 



2 / 1 



/3Me,i 



2 / - N 2 

I 3 / hn 



4 VMe,B 
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(75) 



(76) 



(77) 



which tends to zero at low temperature, namely fie,E ^ hQ/2 and fie,E ^ 1//3, the 
thermodynamical potential can be obtained as 



Te ^ A + So 



12 



-2/x 



e,E 



1 f f^e,E\ 1 I Q \ TT^ 
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(7J 



The average number of electrons is given by 



(iVe 



\ 2 
fJ'e,E 

f^e,E 



1 1 / ;ifi 
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2 ' 8 \He,E) 6 \l3fXe,Ej \(3lJ^e,E 

for /ie_^ :^ /ir2/2 and /ie,_B ^ 1//3. 



F2{- 



-PiJ-e,E^ 



The magnetic moment M.q = — (-g^) is derived as follows: 



(79) 
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-j--—{2ui + n') + 2^ 



Uc fMnd\ 



UJn 



AujI 



2Mc 



{Eixo + E2yo) 



u^\ 4 

2 



■ 



5->^=-^'-i(T)' 



which provides the susceptibility xe 



dMe 
dB 



obtained in the following form 



^0) 



Xe 



McLOo 
^3 



/i 



l-lM9u.-iMeuor + 6(^^^' 



-) 



2{McujqY 



{EiXq + ^22/0) 



1 - -Mduc - {MOuof + 6 



fMney 



(81) 



In both expressions fISU]) and flHT]) . the second terms stand for the contributions engen- 
dered by the presence of the electric field. 

Remark 3.2 In the absence of the electric field, this model is reduced to that described by 
the Fock-Darwin Hamiltonian investigated in the study of the orbital magnetism of a two- 
dimensional noncommutative confined system fT4^ . In that work, it has been shown that the 
degeneracy of Landau levels can be lifted via the 6-term at weak magnetic field limit, i.e. for 

OJc < Wo- 

By use of the Poisson summation formula [30] in the sum over n and p in (!65|) . we obtain 



r« = r° + r^ + r?^^. 



(82) 



where 



I3{huj, 



-1 /"OO /'OO 

--^ / de dr/log(l + e-^(=+''-'^«-^)) 
^0)^ io io 



13 



+ ^/^e,E, 



^3) 



-.L fJ'e,E ( ^c — ©M,, 
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CUo 



B4) 



r 



osc 



2ttI3 



B-i) 



fc=i 



X 



1 



uoq j k^ 3 



sin {27r^fc/ie,i;} 



cr=± 1=1 ';' 

]^ oo oo f_-^\k 



(T=± fc = l i = l 



X 



,sin {vrfj/ie,£;i^fc,,^f^,,.„} COS {vrf^/ie,£;i^fc,i,n,a;+} 



i^, 



k,l,Q,a; 



Sinh; , 



sin {7T^^^e,EKf^l^^^^.^} cos {vrf^/^e,Bi^fc,i,f7,a;-}- 



-^fc,;,n,<T;+Si^^,f^o 



^5) 



with the relation fi ^ T assumed. 

From the thermodynamical potential Tg, the magnetic moment Aie = — (-^) can be 
derived to give the following contributions: 



where 



Me = M^ + A^^f^ + Mff + TWgf^, 



^6) 



M' 



on 

dB 



^7) 



Mj 



dB 



'l2 



Uc - Qm 



Ulcfi 



OJn 



X, 



e,Bfi,M^ 



M', 



gf^-^EMfi p^fefiU"^«»U 



27r/3 



fc=i 



sin {27rf^/i;/ie^£;} 2Tik 



Sinh 



k,n 



^Sinh 



k,n 



k^u^ \ Mc \n 



Uq I k'^ 3 



f^uic,e,e,B,M 

X X 

fi2 



vr 



/ie,£ cos {27rfjA;/ie,s} - ^Coth;,f^ X sm{27r^k^e,E} 



B) 
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with 



M 



osc 

6,2 



Z^ Z^ 72 [ [^^[^e,B,e,M - -^^u,,efi,B,M]] ^ 



2tt13 ^^^^P 

o-=± 1=1 

Q„ 2tiI 






fi2 



% 



sin{27rf^^//ie,£} 



Sinh 



IMa 



X 



uJc,e,0,B,M 



TT 



± 2'e,_B,e,A/l X 



/ie,BCOS {27r^J/ie,£;} - -Coth;^^^ X sill {27T^JfI^^E} 



(90) 



A^gf^ 



X 



7r/3 4l ^ "^ / 



(T=± fc = l i = l 



X 






X 7rf^/^e,i?[ 



k cos {27rj^fc} — /-^ cos \^2'7l^J^e,E} 



X 



n 



± / COS {27rf^^//ie,£;} X -^ ( Cuj^,e,e,B,M 7yK,uj^,e,e,B,M I I + 



1 



J^uJc,e,e,B,AI 



X vr^/ie,£;[ 



/c COS {27r^k} - l-^ COS {2n^Jfi^^E} 



X 



X 



1] 



=F / COS [2Tr^Jfie^E} X -^ I C^^^e,e,B,M —}^uj^,e,e,B,M 



X 



sin {7r^/ie,Ei^fc,;,n,^;+} cos {7r^/^e,i;i^fc,;,n,^;-} 



2{n„Y 

sin {7ro/ie,Bi^fc,i,C,a;~} COS {vrf^/ie,£i^fc,i,n,<x;+ } 



X 



X 



[^fc,«,n,a;-Sinh^^f^J 
7K~Ti {^e,Bfi,M - Y^Co^e.e.e.B.M 1 Sinh, j^^- 

['^uic,e,e,B,M ± -l-e,B,e,Mj 



-Ku 1 n „. ^^ Cosh, 5 X 

k,i,n,a,~ 1^^ i,n. 2(f]^) 



(91) 



e 



Mu^J 



M,uJc,i 



+ Mul9 



0^' 



B. = ^(£^9-l 

^ 2c V 4c 



(92) 



TT 



TT 



^f^ = 7X' ^n„ 



/ir^o-' 



k±^l = K^ 



k,l,n,cr;±^ 



(93) 



sinh 






Sinh, n 



«,f1<T' 



sinh 






Sinh 



fc,n' 



(94) 
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cosh < — TT- > = Cosh, 5 , cosh < — > = Cosh, o, (95) 



T ^ (^ ^^(^ r uj^en n^ed (eB 



C^^,,, = ^(l-':le\. (97) 

Remark 3.3 In the situation where the 0— parameter is switched off, we obtain: 

&M,..,e=o = 0, Be=o = 0, (98) 



e eUc ^ efi 

-Le,B,e=0,M = -jTj-, '^uJc,e,e=0,B,M = TZT)' ^e,B,e=0,M = r, 71^ 5 (99) 

where we get ^2 = ^2, Uc = uJc (ind (la- ^ i^a = ^^'^ ■ The term ke^E = —^^{EiXq + 
E2yo) giving fie,E contributes to the chemical potential /i. The expressions f83)- (8^) are 
identified for ke,E = with those derived in [24^ for the Hamiltonian describing a two- 
dimensional electrons confined by an isotropic harmonic potential in a perpendicular magnetic 
field, linked to the Landau problem in the commutative case, for which coherent states have 
been constructed on the Fock Hilbert space f2^ . Besides, the analysis done in f2^ for an 
ideal fermion gas may also permit to understand the behavior of the studied physical system. 

4 Matrix vector coherent states for H^^"^ 

4.1 Construction 

Consider the set of continuous mappings i^n(3) : A^4(C) — )■ B{'Hc) satisfying 

< Af{-5) = $^tr,[|F„(3)P] < oo, (100) 

neN 

where A^4(C) is the space of 4 x 4 complex matrices. Then, there follows that the linear 
map given by 

T(3) : C^ ^ C^^-Hc 

X' ^ T(3)x^ = (Ar(3))-^/'5^F„,(3)|x^ri), J = 1,2,3,4 (101) 

neN 



is bounded. Set 



'in'ih 

^yR{n)R[n) 
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where 3 = diag{zi,Z2,Z3,Z4), Zj = TjC^^^ with Vj > 0,9j G [0, 27r) and R{n) = n!l4. Let 
2n = diag{wi,W2, ws, Wi),Wj = pjC^''^^ where pj > 0, ipj G [0, 27r) and set R{m) = mll^. With 
this setup and by analogy with the constructions provided in [271 EHl ES] , the set of vectors 
formally given by 



IX"') (g) |ri)(m| |m)(n| (103) 

forms a set of VCS on C^ (8> "H^ ® "Hg. These states satisfy a normalization condition to 
unity given by 

4 oo 

J] Y, (3, Sn, r, J, n, m|3, SH, r, j, n, m) = 1 (104) 

j=l n,m=0 

with 



Af{3, 2n) = e2('^i+^i) + 62(^2+^2) + e2('^3+^3) + e2W+''4). (105) 

Let D = {(21, 22, 2^3, 2:4) G C^l \zj\ < 00, j = 1,2,3,4}, V = {(wi, ^2, W3, W4) e 
C^l |wj| < oo,j = 1,2,3,4}. 

Proposition 4.1 T/ie FCS" / Ii03|) satisfy on the quantum Hilbert space C^ ® "Hg ® "Hg a 
resolution of the identity as follows: 

4 00 00 , 

/-^ /-^ /-^ m!n! 

m=0 n=0 

rfM3,sm)(9j)"(a;^)^[Ar(3,mj)|3,sm,r,j\n,m)(3,2n,r,j;n,m|](S;)"(^)^ 

= l4®Ig®Ig (106) 

where the measure dpC^jW) is given on D x T? by 



I 4 
d(i{'5, 2n) = — — ^ J]^ \{rj)w{pj)drjdpjd9jdipj. (107) 

^ ^'' 7=1 



Proof: 

In order to prove fll06p . let us first expand the integrand as 



X^(^)"(a;J)™[Ar(3,2IJ)|3,2n,r,j,n,m)(3,2n,r,j,n,m|](^)"(£;; 

i=i 

4 00 

E E (^)''(aJ)'^(F„(3)F^(2n)|x^') ® |n)(m| ® |m)(n|) 

j=l n,n',m,m'=0 

17 



m 



x(F„,(3)F^'(2n)|x^') ® \n){m\ ® \m'){n'\)\Kf{Kr' 

4 oo 

j=l n,n' ,m,m'=0 

x(9,J"((F„,(3))*(9^,)'^(F„,'(2n))*] ® |m)(n|n')(m'|, (108) 

call X the operator on the left hand side of fll06p and choose arbitrary vectors \&, \&', $, $' 
on the Hilbert space Tiq ® Tig. Then, using fllOSp . we have 

4 oo oo ^ „ 



j=l m=On=0 -J uy.U 

oo 

J] (^|[(9,J^(F„(3)(5^,rF„(2n)|x^n,m) 



oo 
X 

n,n',m,m'=0 

(x^n,m|(9,J"((F„,(3))*(9^,)'^(F™,(QH))*]|$)®(vl>V)(n|n')(m'|<l>'). 

(109) 

The use of the boundedness of the operator T and of the fact that Ylij=i |X"')(X"'I = I4 
allows to interchange the sum over j with the integral and the four sums over ra, n' and m, m', 
respectively. Thus, 



00 00 ^ „ 



m=0 n=0 
4 



X E E(^l^')[(^^-.)'(^"(3)(9^,)'^F^(2n)|n,m) 

n,n',m,m'=0 j=l 

(n,m|(a.)"((F„,(3))*(9^,)"(i^;n'(2U))*](x-'»] ® (^V)(n|n')(m'|<l>' 



CO CXD 



m=On=0 JUXU n,n',m,m'=0 

n\z? m\wV^ n\z? rhlwT n\z? fhlw'^ 
diag{—== ^ , . . . , — ^ —=^=) x diag{—=^ ^ =, . . . , ^ ^ 

(\E'|n,m)(n,m|$) (g) (\E^'|n',m')(n,m|$') 



°° °° /-oo 2n /-oo 2m 

= E E (^M^«^(27r / rirfriiy(ri)^27r / p,dp,W{p,)f^, 

Jo nl Jo m\ 

/■oo 2n poo _ n^™' 

...,27r / ndr4W(n)^27i / p4cip4iy(p4)^)(n|n)(m|m)|$) 
Jo n! Jo ml 

(g)(\l/'|(r2|r2)(m|m)|$') 

= (^,^'1$,$') (110) 

where the moment problems are solved by W{rj) = (l/27r)A(rj), W{pj) = {1/27t)w{pj) with 

2 2 

A(rj) = 2e~''j, w{pj) = 2e~'^J , respectively. D 

There also results this: 

Proposition 4.2 These states fulfill the following properties: 
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i- Temporal stability 

U(t)|3,2IT,r,j,n,m) = |3,2n,r + t,j,n,m), U(t) = 6-^*="". (Ill) 

ii- Action identity 

4 °o 1 /o O \ 

Y, 5^(3,2n,r,j\n,m|tf^-|3,Sm,r,j;n,m) = - -Ji|3p + -^|mJp + l .(112) 

j=l h,rh=0 \ / 

4.2 Quaternionic vector coherent states 

4.2.1 Construction 

We briefly discuss now the QVCS construction and their connection with the studied VCS. 
In (I103p . set 3 = diag{z, z, z, z) and 221 = diag{w, w, w, w) where z = re~^^, w = pe~*'^ with 
r,p > 0, 0,(^ G [0,27r). Consider u,v E SU{2) and take Z = f/3f/^ W = VWV^ where 
U = diag{u,u), V = diag{v,v). Introduce the quaternions q = A{r)e^^^^"'\£l = B{p)e^"'^^''^ 
with 0(n) = diag{a{n),a{h)), Q(k) = diag{a{k),a{k)), where A{r) = rl4, B{p) = pl4 and 

,^. ( cosd) e'"^sm(h\ _,-, / coso9 e*^sino9 \ /,,„n 

a(n) = _ ^ , ^ , a(k) = _ ^ ^ (113) 

ye*'' sm (p — cos cp J \ e ^ sm ip — cos ip J 

where 4>,(p E [0, tt] and t?, j,r], g E [0, 27r). 

From the scheme developed in [31], since u,v are given as m = u^^-^u^^u^^^, v = vq-^v^^vc^^ 
with M^, = diag{e'^^/^,e-'^^/^),u^, = diag{e'^^/^,e-'^^''^), vq^ = diag{e'^^/^,e-<'/^),V(;, = 
diag{e<^/'^,e-<^''^), and 

n,. = ( '°'t '''%t V ^<^. = f '°'t '''\f 1 ' ei,6,Ci,C2 G [0,27r), (114) 
\ z sm ^ cos ^ y \ « sm ^ cos ^ / 

for .^1 = .^2 = ?? and Ci = C2 = Q, we get the following identifications: Z = r(l4Cos'i9 + 
z6(n)sin^) = q, W = p(l4COS7 + z9(A;) sin 7) = 0. 

Then, the QVCS obtained as \U^W , VWV'^ , T,j, h, fh) = |q, 0, t,j, h, m) can be written 
as 

^^ 70 — 7-1 i*^ 777, i*^ 7TT. 

|q,n,r,j,n,m) = (Ar(r,p))-^/2 V- 3^ ^^ e-^'^-'^lx^') ® |n)(m| ^ |m)(n|. (115) 

— • 'n!n! ym\m\ 



n,m=0 

They satisfy a normalization condition to unity given by 

4 00 
^ ^ (q,n,r,j,n,m|q,n,r,j,fi,m) = 1 (116) 

j=l ri,rn=0 

which provides Af{r,p) = Ae^^^ ^^ \ 

Proposition 4.3 The QVCS / IJi5]) fulfill a resolution of the identity property on C^^Hq ® 
Tig given by 



4 00 00 ^ 
^-^ ^-^ ^-^ mini 

j=l m=0 n=0 
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X 



/ r\^ \ nn / t~\ '' \ tin 



d;u(q,0)(a;f(a;r[iy(r,p)|q,n,r,j,n,m)(q,n,r,j,n,m|](^f(5) 



\®lq® Iq 



;ii7) 



where dfi{q,£l) = j^rdrpdp{sm(j))d(f>drid'd{smip)dipdgd'y on Di x D2; 



Di = {(r,0,r/,^)|O < r < 00,0 < < 7r,0 < r/,^ < 27r} and Z^a = {(p, </?, ^,7)|0 < p < 
00, 0<v9<7r,0<^, 7< 27r}. 

The moment problem issued from flll7p . stated as follows: 



00 /-oo /|^2 



JO 



2n „2m 



47r W (r, p)r 2" p^ 
A/'(r, p) n! ?7i! 



-rdrpdp = 1 



:ii8) 



is solved with 



W{r,p) = —Af{r,p)e-^'-'+p'\ 



vr^ 



(119) 



A connection with the Weyl-Heisenberg group is realized by considering the unitary 
operators given by 

such that 



g-(r2+p2)/2 

|q, n,r,j,n,m) = U(r) 



qn0m 

y/n\rh\ 



\x')®\n){rh\0UL{O,£l)\O){O\URiO,q) 



where the operators a^ and di act on a given state \n){m\ ® \m){n\ as follows: 



:i2ii 



aR|n)(m| ® |rri)(?7,| 
(ii|n)(m| ® |m)(?7,| 



\'h){m\ ® |m)(n|a 
Vn + l|Ti)(m| (g> \m){n + 1| 
|fi)(m| ® d\m){n\ 
^\n){m\ ^ I'm — l){n\. 



:i22) 



4.2.2 QVCS statistical properties 

Let us consider the operators given on C^ (g> "Ho (>>> Tin by 



Px = l4 



-ih 



[ttR — a 



w -J' 



Py=Ia 



-h 



[«ij + «5?' •] 



(123) 



X = L 



From (11221) . we obtain 



[a-R + a 



Rh 



Y = l4(g)i\j-[a\-aR]. 



(124) 
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Oi?^ 



a}j, \n){m\ ® |r7i)(n|] = ^/n + l|fi)(r7i| \m){n + 1| — \/n\n){m\ ® |?7i)(n|. (125) 



Denote the expectation value of an operator by (■) = X]^m=o(l' ^'i' ■"-; ''"I ' ll' ^) J) ''^) '^)- 
We get the following expressions: 



{Px) = ± 



h 



2V29 



r cos {(f)) sin (77), 



(>l) = |psin^(^) + J] 



(126) 



from which result the relations 



ff 1 

[rcos(77)], (P^) = ^pcos2(r/) + -] 



(127) 



{APxY 
{APyY 



1 f h^^ 

1\2e^ [4'^^sin2(^) -r2cos^(0)sin2(r/) + 1], 



1 H- 



AX 29 



[3r2cos2(r/) + l]. 



In the same way, we obtain 



:i28) 



{AYf = i I - ) [4r2sin2(r/) -r2cos2(0)sin2(r/) + 1], 



(AX)2 : 
and the following uncertainties 



lr-][?,r^co^\r,) + l] 



(129) 



where 



;AXAy]2 = 


16 \ 4 / 16 


\{[X,Y])\'' 


F{ 


[AXAPx]' = 


16 (4)^^^'^'^) ^16 


\{[X.Px])^ 


■) 


AFAPy]2 = 


16 (4)^^^'^'^) ^16 


\{[Y,Py])' 


J 


APxAPy]^ = 


1 /nn , , 1 

16U0 ^''"''^^-le 


\\{[Px,Py]) 


|2 



F{r,r],(p), 



F{r,r], 



[3r^ cos^(?7) + l][4r^ sin^(?7) — r^cos^(</)) sin^(?7) + 1]. 



(130) 



(131) 



Remark 4.4 As a matter of result checking, let us attract the reader attention on the fact 
that, in I2^ . a factor "2 "has been forgotten in the author expressions M2(^ )- [T2^) obtained 
for the dispersions of the momentum operators; one should read, in the denominator, the 
quantity h^ /29 instead of It? /9. Furthermore, in the mentioned work, a sign "- "should be 
also added in the expression of the operator Py- 
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5 Concluding remarks 

A matrix formulation of a Hamiltonian describing the motion of an electron in an electro- 
magnetic field with a confining harmonic potential in a two-dimensional noncommutative 
space has been provided in this work. Relevant thermodynamical and statistical properties 
of the physical system have been studied and discussed. In this analysis, some 9— modified 
quantities have been obtained. In the limit ^ ^ 0, these quantities can be identified with 
those derived in the commutative context related to the standard Landau problem. Then, 
the MVCS have been constructed and analyzed with respect to required properties. Finally, 
the QVCS as well as their connection with the VCS and their statistical properties have 
been investigated and discussed. 
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